A method is presented for computing strainenergy-release-rates (SERR) for delamination growth in a wide variety of composite structures. The method is based on a sublaminate analysis which treats portions of a laminate as higher-order plates. The plates may be stacked such that the displacements and tractions are identical at the shared interfaces. By assuming a constant cross-section in onedimension, the resulting systems of governing differential equations can be solved in closed form. A means of coupling plates end-to-end is also presented, allowing complex structures to be modeled in a manner similar to finite element analysis. The software (SUBLAM) that implements the analysis can be used to determine either interlaminar stresses, or SERR. The individual modes of the SERR (G I , G II , and G III ) can be computed. The present paper includes a series of examples which demonstrate the flexibility and accuracy of the SERR calculations.
Introduction
A sublaminate analysis is defined by the use of a plate theory to describe a portion of the total thickness of a composite laminate. The complete laminate is represented by two or more stacked sublaminates. The interface tractions between the plates, as determined from the plate equilibrium equations, can be used to find the interlaminar stresses. Pagano 1,2 used this approach to determine the free-edge stress distribution in laminates. Whitney applied a highorder plate theory to analyze the double-cantileverbeam (DCB) specimen 3 , and the SERR for an edge delamination 4 . Armanio and Rehfield 5 used the sublaminate method, with a shear deformable plate theory, to determine the mode I and II components of the total SERR for edge delaminations. Chatterjee 6 applied a similar plate theory to analyze mode II fracture toughness specimens.
It is clear from these references that high-order plate theories are an effective method for determining interlaminar stresses and the SERR for delamination problems. What has been lacking is a general approach to constructing models and solutions using this method.
In each of the above mentioned references, the plate equations were specialized for a particular problem. A new computer code, called SUBLAM, has been developed by the author. The code makes modeling complex composite cross-sections with the sublaminate method similar to generating a model in the finite-element method 7 . Plates can be stacked, and connected end-to-end, with all the proper continuity conditions handled by the code. The plate equations are solved in closed-form. Thus, the number of plate elements required in a model is determined solely by the geometry, and not by any convergence criteria.
The SUBLAM code can be used for a variety applications, including determination of interlaminar stresses. In this paper, we will focus on applying the code to determine SERR. The test problems include several fracture toughness specimens. Alternative analysis techniques that have been published for these test specimens will be used to verify the SUBLAM approach.
Theory
In a sublaminate analysis, we assume that there is a continuous displacement field defined over the thickness of the sublaminate. Within the sublaminate, there may be many plies of orthotropic composite material, each with varying orientations or properties. A complete laminate consists of two or more stacked sublaminates. The displacements and traction forces are matched at the interface between stacked sublaminates.
The full derivation is extremely cumbersome because no simplifying assumptions are made. For example, we allow the sublaminate to be both anisotropic and unsymmetric. A commercial symbolic mathematics program was used to perform the necessary algebraic transformations. An outline of the derivation follows.
The selected displacement field assumes a linear distribution of u and v displacements, and a quadratic distribution of w displacements. This gives a plate that is shear deformable, and that allows stretching through the thickness.
Using the
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coordinate system shown in Fig 1, the displacement field is
For convenience when stacking sublaminates, we have chosen to express the displacement field in terms of surface quantities, rather than the traditional midplane quantities. This represents a simple change of variables, and does not influence the mechanics of the plate problem. Ψ w is a generalized displacement coefficient associated with the quadratic w term. 
Fig. 1 Coordinate System for Single Layer
A variational approach is taken to derive the equilibrium equations and natural boundary conditions. The strain-energy density per unit area is given by
where ∆T is the change in temperature from a stressfree condition, and, in contracted notation ε = ε 1 ,ε 2 ,ε 3 ,ε 4 ,ε 5 ,ε 6 { } α = α 1 ,α 2 ,α 3 ,0,0,α 6 ,
{ }
Thirteen elastic constants, C ij , are needed to describe an orthotropic ply with an arbitrary orientation in the x-y plane (monoclinic material). The α i are the ply thermal expansion coefficients.
The infinitesimal strains are defined by where e o is an applied, uniform, axial strain.
The integration of Eq. 2 through the thickness proceeds stepwise to account for the changing material properties with each ply. We define the following integrations
The A, B, and D matrices are similar to those defined in classical lamination theory, except that plane stress assumptions cannot be made. N T , M T , and R T are plate resultants of effective thermal loads. In addition, we require the following higher order moments for the shear stiffness distribution
The work due to external forces, per unit area, is given by
where s i , t i , and p i are the tractions in the x, y and z directions respectively, for the i'th surface. The total potential per unit area is then
Using variational principles to assure that the first variation of the potential vanishes results in 7 equilibrium equations in terms of the surface displacements and Ψ w . A typical equilibrium equation is given by
where a comma denotes differentiation. Each of the remaining displacement variables replaces u 1 to generate 6 additional equations.
The natural boundary conditions for the faces of the plates are also determined from the variational principle. The natural boundary conditions on the yz faces of the plates are in terms of 6 nodal forces, plus one generalized force in the z direction. A typical equation for the nodal forces is
where F ij is the force in the i direction (i=x,y,z), applied at the j'th surface of the plate (j=1,2). The nodal lines boundary conditions can be related to plate force resultants by
where Γ z is a generalized force, and
The higher moments of the vertical shear, R 4 and S 4 , are not classical plate resultants, but are formally required based on the assumed displacement distribution. Inverting Eq. 10 yields
Eq. 12 shows that the generalized force, Γ z , does not contribute to the net z resultant, V 4 , (and thus zdirection force equilibrium), but is associated with a higher-order moment of the resultant, S 4 .
A similar derivation is used for the case of a cylindrically curved plate. The curved plate will be useful in modeling the details of typical composite cross-sections. These sections often have small radius to thickness ratios, and therefore, thin-shell approximations cannot be made. We assume the generator for the cylindrical surface is parallel to the x axis. The strains for a cylindrical coordinate system are thus
where the contracted notation for strain is defined by
R is the radius of the plate midplane, and z is the local thickness coordinate measured from the midplane.
The strain energy per unit area is
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The scalar factor of R+z comes from the definition of differential volume in cylindrical coordinates.
Formally conducting the through-thickness integration leads to addition moments of the stiffness distribution. These additional matrices are defined as
There are additional functions of z that result from expanding Eq. 15, but their integrals can be expressed as linear combinations of the matrices defined in Eq. 4 and 16.
The external work for the cylindrical case becomes
The derivation of the governing equations and boundary conditions proceeds as with the flat plate, with θ replacing y.
The governing equations derived to this point are general expressions in the x and y coordinates. To make a closed-form solution possible, we further assume that the displacements are separable functions in x and y, and that the x functions are complex exponentials. To make the assumption that the functions are separable, we require the sublaminate to be uniform in the x direction. Any assemblage of sublaminates will therefore form a prismatic configuration. A typical surface displacement is then given by functions of the form A generalized plane-strain condition is obtained when m=0.
Substituting Eq. 18 into the governing equations results in a system of ordinary differential equations. These equations can be expressed in the following matrix form
where primes indicate differentiation with respect to y, and
Bold symbols indicate a vector or matrix. The vector P contains functions of the applied axial strain and thermal loads. These are nonzero only for the case of m=0. This system of equations can be expanded to include multiple, stacked plates. To assemble the expanded system, we superimpose the surface tractions so that there are zero net tractions on the internal interfaces. The assembly process also accounts for the shared displacements at the interface. Using surface quantities in Eq. 1 simplifies the assembly process (note that the quadratic term associated with Ψ w evaluates to zero at the interfaces).
The assembly procedure described above yields homogeneous system of equations, plus a nonhomogeneous part due to the thermal expansion terms and uniform axial strain. Assume that solutions to the homogeneous part of Eq. 19 have the form The dummy variable ˆ c is introduced so that a system of first order equations can be obtained. Substituting 20 into 19, and assuming there are no surface tractions present, yields the following general eigensystem
where I is an identity matrix. The assembled submatrices (H i ) will be of order 8n+6, where n is the number of sublaminates.
For m>0 (trigonometric variation of displacements in x), the eigensystem defined by Eq. 21 will The curved plate requires only a linear polynomial in y. Matching powers of y in the governing equations leads to the following system of equations for the flat plate
Again, this system may be assembled to included multiple, stacked plates. The required number of solutions to this system are found through singularvalue decomposition.
In the case of the curved plate under plane strain conditions (m=0), the solution of Eq. 21 results in two pairs of repeated β's. Additional solutions are assumed to be of the form
where c and β come from one of the repeated eigensolutions. ˜ c is found by solving the system
The left-hand of Eq. 25 is singular, and must be solved using singular-value decomposition.
A particular solution for the nonhomogeneous portion of Eq. 19 can be optained from the system
Only the w and Ψ w displacements in u p will be nonzero. The particular solutions are constants in y.
The natural boundary conditions at the edges of the plate can be expressed in matrix form as
where the vector c can contain any of the undetermined function coefficients defined above (c, d, and c ). The vector f can be interpreted as forces on the nodal lines located at the corners of the plate on the y faces (see Fig. 1 ), plus the generalized forces. f p is a vector of nodal forces that result from the applied axial strain and thermal loads (m=0 case only).
Similarly, the displacements at the nodal lines can be expressed as
Eliminating the vector of coefficients between Eq. 27 and 28 yields a direct relation between nodal line forces and displacements
where
The matrix k has all the properties of a stiffness matrix, and may be assembled in the manner of the finite element method. Boundary conditions, and nodal forces may also be applied in the same manner as in the finite element method. Once the nodal displacements, d, have been found from Eq. 29, the function coefficients are computed using
Once the function coefficients have been obtained, the interfacial tractions can be computed by substituting the results back into the equilibrium equations (Eq. 19). The boundary condition equations (Eq. 27) can be used to compute the plate force resultants for any value of y within the plate.
The exponential functions used in Eq. 20 could be susceptible to numerical overflow problems. The total solution is obtained by summing Eq. 20 for all values of β. The fix for the overflow problem is to recognize that Eq. 20 can have a different origin for each value of β. Thus, we can select the origin of y to be at either end of the element, chosen such that only negative products of β times y are evaluated in the exponential function.
If proper bookkeeping is maintained, this approach is rigorous and does not alter the final results.
The strain-energy-release-rate, or G, is defined as
where a is the crack length, and Π is the total potential for the body (see Eq. 7). G can be computed in SUBLAM using two complimentary approaches. The first is the stiffness derivative method. Using Eq. 29 (and ignoring u p and f p ), the strain-energy of a body can be computed by
where K and F are the assembled stiffness matrix and load vector. Substituting Eq. 32 into Eq. 31, taking nodal equilibrium into account, and assuming that loads remain constant with crack extension, yields
From the definition of the stiffness matrix given by Eq. 29, the derivative of the stiffness matrix is given by
The derivatives of F and D are computed analytically in SUBLAM. Note that the operations indicated by Eq. 34 can be carried out at the element level, and only those elements that change length during a crack extension make a non-zero contribution to G.
The stiffness derivative method can only give the total G. In order to find the mode I, II, and III components of G, Irwin's crack closure integrals are employed 9 . Using a polar coordinate system, with the origin at the crack tip, and the crack growing into the θ=0 direction, we have 
Fig. 2 Coordinate System for Crack Closure Calculation
The bar over the displacements indicates a relative displacement between the upper and lower surfaces of the crack. Because the SUBLAM solution will not yield a singular solution at the crack tip, we cannot take a formal limit to Eq. 37. Instead, the G's are approximated with a finite value of ∆a. The interlaminar stresses required in Eq. 37 are determined by evaluating the surface tractions in Eq. 19. In computing the integrals in Eq. 37, we must include both the distributed stresses along the interface, and the discrete forces applied to the node that forms the crack tip. Using the notation in Fig. 2 , the mode I component of the discrete force contribution is F 3 w(∆a,π)/(2∆a). The nodal force, F i, is computed by evaluating the boundary forces (Eq. 9) for the elements on either the upper or lower side of the crack.
The two method for computing G provide a useful cross check; the total G computed using Eq. 37 should approximately equal the result from Eq. 35. A significant difference between the two results may indicate that the assumed ∆a should be adjusted.
Results
Double-Cantilever-Beam (DCB)
The DCB is a standard test for mode I fracture toughness. Figure 3 shows the SUBLAM idealization of the test specimen, The model consists of 3 elements. In SUBLAM, we refer to a complete vertical stack of sublaminates as an element. Elements can then be connected at the ends to create a complete model. The uncracked portion is a single element with 2 sublaminates, while each of the cracked arms are represented by single elements with one sublaminate. Figure 4 shows the value of G obtained by two methods. The normalizing factor G* is the SERR computed using simple beam theory. Also shown are results from a sublaminate analysis by Whitney 3 . Whitney's analysis assumed a linear distribution for the w displacements, whereas SUBLAM uses a quadratic distribution. Crews and Reeder 9 describe a test specimen which can apply a combination of G I and G II to a composite beam. The SUBLAM idealization of the test is shown in Fig. 5 . In the test, load is introduced to the specimen through a lever. The lever is assumed to be rigid, so that the load components P 1 and P 2 can be found from statics, knowing the length of the arm, c, and the specimen half-length, L. The rigid lever was not part of the SUBLAM model. A finite element model was used by Crews and Reeder 10 to determine the ratio of G I to G II , depending on the load position. These results are shown in Fig. 6 , along with the results from SUBLAM. The SUBLAM results are limited to the range of values for which the crack is open. Crack closure can be approximated by connecting opposing nodes with stiff springs to prevent the surfaces from passing through one another, but this was not done in creating 
Curved-Beam Test
The curved-beam has been suggested as a possible test for the normal (z direction) strength of a composite. Once the specimen has begun to fail, the fracture toughness becomes important The test and finite element analysis is described by Martin 10 . The SUBLAM idealization is shown in Fig. 7 . We assume that one end of the delamination is located at θ=25°. For the numerical results given below, the crack is extending in the β direction (toward the loaded arm). In the actual test, the loaded arm is 50 mm long. The finite element model used by Martin modeled only 5 mm of the arm, with vertical shear and moment boundary conditions computed from statics. The same approach was used in the SUBLAM model (although in SUBLAM, making an element longer does not increase the degrees of freedom required for the same level of accuracy). The mode I, II and total G from the finite element model and SUBLAM are shown in Fig. 8 ELEM 1 All of the standard tests described above are normally performed with unidirectional material. One advantage of the SUBLAM method is that stacking sequence information is inherently included in the model. The ability of SUBLAM to properly handle stacking sequence effects allows us to determine the ratio of G I to G II for a delamination at a free edge.
Unlike beam models, SUBLAM includes the coupling of displacements with an applied axial (x-direction) strain. The SUBLAM model for the edge problem is similar to the DCB model (Fig. 2) , except that there are no applied nodal loads.
Whitcomb 11 gives finite element results for a series of laminates. Several comparisons between these results and SUBLAM are shown in Table 1 . Correlation is good, considering that only 2 sublaminates are being used to model a complex stacking sequence.
Debond in Adhesive Joint
The examples given above were selected because reference solutions were available. The solutions available in the literature are generally related to test specimens.
The following example shows how SUBLAM might be used for an actual structural component. We will consider a symmetric, double strap joint with an initial debond in the adhesive. The idealization is shown in Fig. 9 . Symmetry is assumed, and therefore a half-model can be used. This is an approximation since the debond will introduce a degree of non-symmetry. At the centerline, only the nodes for the outer adherents are restrained. The Table 2. A parametric study is performed in which both the initial debond size, a, and the position of the center of the debond, b, is varied (see Fig. 9 ). The normalized components of G are given in Fig. 10 . The abscissa of this graph can be viewed as the distance between the edge of the debond and the end of the joint, normalized by the bonded length. For the range of values shown, the debond growth direction (maximum G) is always to the right. To show the extent of the high-stress region for this joint, the bondline stresses for a perfect joint (no debond), as computed using SUBLAM, are given in Fig. 11 . Also shown in the figure is the shear stress distribution computed using the classical Volkerson solution 12 . The difference in the two solutions is mostly due to the lack of shear flexibility for the adherends assumed in the Volkerson solution. The SUBLAM code gives a rapid method of quantifying the damage tolerance, and inspection requirements for structurally realistic bonded joints. 
Conclusions
The SUBLAM code offers a single, unified approach for determining SERR for a wide variety of configurations. Extremely simple SUBLAM models give good correlation with detailed finite-element models. In addition to evaluating test specimens, SUBLAM has the ability to model realistic structural cross-sections. This capability will allow us to rapidly evaluate structures using fracture mechanics principles. A single methodology for analyzing both the test specimens and the structure should give greater confidence in quantitatively applying fracture mechanics to structures. It should be noted that in addition to the plane strain examples presented in this paper, SUBLAM can represent an arbitrary axial distribution of displacements as a trigonometric series. Thus, through superposition, general loading conditions can be applied, and coupling with general purpose FEA codes can be accomplished.
SUBLAM will become available through COSMC in the near future. . Bondline Stress Distribution for Undamaged Joint
